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ABSTRACT: Configuration partition functions have been formulated for the formation of regular 8 meanders
by homopolypeptides. A regular 3 meander is a segment of pleated sheet containing three antiparallel strands
that are of the same length and in register. The strands are assumed to be connected by tight bends. Generator
matrix formalism is used to assess the mean square unperturbed radii of gyration. Radii of gyration of short
chains decrease upon formation of 8 meanders. The extent of the reduction is determined primarily by the
number of the residues in the 8 meanders; it is only slightly dependent upon the cooperativity of the ordering
process. For long chains, however, the dimensions are strongly dependent on the cooperativity. At any degree
of polymerization, the lowest dimensions are obtained at high 8 meander content and low transition cooperativity.
Unperturbed mean square radii of gyration are examined for chains containing the same number of residues
as chicken and T4 lysozymes. Squared radii of gyration decrease by about 10% when each chain contains
average 3 meanders similar to those found in the conformations adopted by these proteins in the cystalline

state.

Helices! and pleated sheets? are two types of ordered
structures commonly found in proteins and synthetic po-
lypeptides. While both structures have been subjects of
numerous investigations, the process of helix formation is
much better understood than is the origin of the pleated
sheet.® The helix—coil transition in homopolypeptides can
be studied in dilute solution by classic techniques used to
provide a physical characterization of macromolecules.*®
Comparable studies of homopolypeptides undergoing
pleated sheet formation proceed with much greater dif-
ficulty because aggregation usually accompanies formation
of this ordered structure.®’

Backbone hydrogen bonding in the classic « helix! al-
ways occurs between amino acid residues i and i + 4.
However, if amino acid residue i is in a pleated sheet, it
might be hydrogen bonded to virtually any other amino
acid residue in the polypeptide chain. Consequently a
theoretical description of the helix—coil transition can focus
on interactions of comparatively short range, but a com-
prehensive treatment of pleated sheet formation must
address potentially important interactions of much longer
range. For this reason the theory of pleated sheet for-
mation remains in a rather rudimentary form while he-
lix—coil transition theory has become quite sophisticated.?

The situation just described is brought well into focus
by consideration of a specific example. Poly(L-glutamic
acid) undergoes a pH-induced helix—coil transition in
aqueous media. The intrinsic viscosity at the midpoint
of the transition is significantly lower than that of either
the helical or completely disordered form.5 This obser-
vation implies that the mean square radius of gyration
must pass through a minimum as the conformational
transition occurs. Theoretical support has been provided

for this conclusion. Using helix—coil transition theory,? the
measured unperturbed dimensions of disordered homo-
polypeptides containing CH,R side chains®!® and generator
matrix formalism,!! Miller and Flory'? were able to show
that a minimum in the unperturbed dimensions would
occur if the cooperativity parameter, s, was not too small.
The change in unperturbed dimensions has been analyzed
in terms of the principal moments of the gyration tensor.!?
Poly(L-glutamic acid) can also form a 8 structure in
aqueous solution,!* but detailed studies are not available.
On the one hand, experimental characterization is rendered
difficult by aggregation. On the other hand, theoretical
computation of the unperturbed dimensions is made dif-
ficult by the important role played by long-range inter-
actions.

The objective here is characterization of changes in the
mean square radius of gyration upon formation of a specific
type of pleated sheet in homopolypeptides. Restriction
to a special class of pleated sheet is required so that con-
sequences of important long-range interactions can be
handled in a satisfactory manner. The pleated sheet dealt
with here is among those described by Schultz!® as a 8
meander. A 8 meander is a sheet comprised of three an-
tiparallel strands. The 8 meander has been identified in
crystal structures of several proteins, including both
chicken!® and T4!7 lysozyme. A further restriction that
the three strands be in register and connected by tight
turns will be imposed here.

Given these restrictions, one can evaluate the manner
in which the mean square unperturbed radius of gyration
depends on pleated sheet content for homopolypeptides
of varying degree of polymerization. Several aspects of the
calculations are of particular interest. The first objective
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Figure 1. Diagrammatic representation of a portion of a poly-
peptide chain folded into a 8 meander. Substituents on the C*
atoms have been omitted.

ML

Figure 2. Virtual bond model for the chain configuration depicted
in Figure 1.

is determination of whether 3-meander formation causes
the unperturbed dimensions to pass through a minimum,
as is already known to be the case for the helix—coil tran-
sition. A second objective is assessment of the amount of
B-meander formation permitted without significant change
in (r?)o/{s%)¢, the ratio of the mean square unperturbed
end-to-end distance and radius of gyration. A third ob-
jective is characterization of values of the statistical weights
required to produce 8 meanders comparable to those
identified in crystalline globular proteins. The final ob-
jective is assessment of the extent of chain collapse when
the sheet content resembles that found in typical globular
proteins.

Formulation of the Configuration Partition
Function and Unperturbed Dimensions

Virtual Bond Scheme. Figure 1 depicts a portion of
a polypeptide chain folded into a 8 meander. The two
bends are drawn with the hydrogen-bonding pattern de-
scribed for a 8 bend.!’®* Maintenance of the 5 meander
places severe restrictions on ¢ and ¢ for most of the amino
acid residues shown. Circular arrows denote N-C* and
CoC’ bonds about which appreciable freedom of rotation
is retained. Clearly, those residues that have severe re-
straints placed on ¢ and ¥ should be classified as being part
of the sheet. A somewhat more arbitrary decision is re-
quired in classification of the first flexible residue at the
junction between sheet and random coil. In view of its
flexibility, this residue might be classified as being a ran-
dom coil. However, each of these residues participates in
hydrogen bond formation and might therefore be consid-
ered to be part of the sheet. Unless specifically stated
otherwise, the latter point of view will be adopted here.
With this definition, Figure 1 depicts a 8 meander con-
taining 18 amino acid residues, 6 in each of three strands.

A more diagrammatic representation of this structure
is depicted in Figure 2. Here, positions of the C® atoms
are denoted by small filled circles. These circles could be
connected by virtual bonds in the order in which amino
acid residues occur in the polypeptide chain. With
standard peptide geometry, all such virtual bonds would
have a length of 380 pm.}? A different virtual bond pattern
has been employed in Figure 2. The C* atoms at equiva-
lent positions in the three strands are connected by two
successive virtual bonds. These two virtual bonds are
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followed by a much longer one that returns the pattern to
the initial strand, but moved one position further along
the sheet.

Virtual bonds depicted in Figure 2 can be divided into
three kinds on the basis of their lengths. Virtual bonds
have a length of 380 pm if they connect two C* atoms in
amino acid residues that retain appreciable freedom of
rotation about their N-C* and C*-C’ bonds.? Virtual
bonds involving a C* atom in the middle strand are as-
signed a length of 473 pm, which is the interchain distance
in the pleated sheet formed by poly(L-alanine) in the solid
state.l® This virtual bond length must be in error by about
100 pm for those peptide units involved in the bends. The
approximation used can be justified here because the slight
error in positioning of C* atoms at the bends had a trivial
effect on computed values of the radius of gyration. The
longest virtual bonds, which connect C* atoms in the ex-
ternal strands, are assigned a length of 1007 pm. This is
the length specified for a planar sheet with interchain
distance 473 pm and unit height 344 pm. The values cited
are those found for the pleated sheet formed by poly(L-
alanine) in the solid state.'® The poly(L-alanine) sheet is
not really planar but is instead pleated. If the pleat were
to be taken into account, the length of this virtual bond
would be increased from 1007 to 1019 pm. Considering
the sheet to be planar, and thereby ignoring the pleat, has
little consequence for the computed values of the mean
square radius of gyration.

Transformation Matrices. Averaging of the unper-
turbed dimensions over all configurations requires the use
of matrices that transform a vector from its representation
in the local coordinate system for virtual bond i + 1 to its
representation in the local coordinate system of virtual
bond i. The local coordinate system for virtual bond i has
its X axis running along that virtual bond, the Y axis in
the plane of virtual bonds i and i - 1, with a positive
projection on virtual bond i — 1, and the Z axis completing
a right-handed coordinate system.!! The structure de-
scribed above for the 8 meander dictates that the identity
matrix, E;,, serve as the transformation matrix when virtual
bonds i and i + 1 are both of length 473 pm. The trans-
formation matrix T, which is required when either virtual
bond i or i + 1 is of length 1007 pm, is formulated with
a “bond angle” of 20°,

~cos 20° sin 20° 0
T, = sin 20° cos 20° 0 (1)
0 0 -1

Averaged transformation matrices are required when
flexibility exists about bonds to the intervening C* atom.
The conformational energy surface described by Brant et
al.’ will be used for these amino acid residues. Several
different averaged transformation matrices may result. If
both virtual bonds involved in the transformation are of
length 380 pm, the transformation matrix is that appro-
priate for a residue in an unperturbed poly(L-alanine)
random coil. This matrix is denoted (T )4j,. Averaging
over the conformational energy surface at 10° intervals for
¢ and , using T = 300 K, yields

0.51 0.21 061
(Toaa =| —0.064 -0.61  0.22 (2)
0.66  -0.24 -0.31

Elements in this matrix differ slightly from those reported
by Brant et al.l? because we have sampled the conforma-
tional energy surface with smaller intervals for ¢ and ¢.

A different averaged transformation matrix is required
if the transformation is from a virtual bond of length 473
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Figure 3. Diagrammatic representation of a § meander in which
the first amino acid residue involved in hydrogen bond formation
does so with N-H.
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pm to one of length 380 pm. This transformation occurs
at the beginning of the 8 meander. The conformational
energy surface determined by Brant et al.!% will tend to
direct the random coil away from the 8 meander. Con-
sequently, it will be assumed that the conformational en-
ergy surface provides an adequate approximation to the
behavior of the disordered residue immediately adjacent
to the sheet. The resulting transformation matrix is

~0.13 054 061
(Dp.co= | 0.60 -0.16 022 (3)
0.34 062 -0.31

if the 8 meander has the structure depicted in Figure 1.
A different averaged transformation matrix would be re-
quired if the 3 meander were to begin in the manner de-
picted in Figure 3. In this figure, the first amino acid
residue involved in hydrogen bond formation does so with
its N-H. In contrast, the equivalent amino acid residue
in Figure 1 uses its C'~O to form the first hydrogen bond.
Thus the nature of the transformation from the first virtual
bond of length 473 pm to its predecessor depends upon
the structure of the 8 meander. For the structure depicted
in Figure 3, this transformation is

0.072 055 -0.61
(Dpng = | -0.58  -0.22  -0.22 (4)
~0.41 0.57  0.31

A similar situation arises at the other end of the §
meander. For the structure depicted in Figure 1, this
transformation is

0.20  0.65  —-0.055 |
(Toe.Nu = | 0.48 0.044 0.65 (5)
0.66 -0.24 -0.31 |
but in Figure 3 it would be
~0.14 0.64 -0.13 7]
Meco= | 047 -0.32 -0.50 (6)
-0.66 -0.24 -0.31" ]

Formulation Based on Single Residues. The com-
pletely disordered chain is assigned a statistical weight of
1. A 8 meander with i residues in each strand has a sta-
tistical weight that can be written in first approximation
as (7t3)b% Each set of three residues connected by virtual
bonds of length 473 pm contributes a factor r¢3. These
three amino acid residues form two hydrogen bonds. Thus
t3 has a contribution of ¢ from each of the two amino acid
residues arbitrarily considered to complete hydrogen bond
formation, and a factor of 7¢ from the remaining amino
acid residue. A factor b arises from each of the two bends.

Further consideration is required in order to properly
account for flexible residues at junctions between a
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meander and regions of random coil. The preceding
scheme attributes a statistical weight of 7¢° to amino acid
residues 3-5 in Figure 2, and it assigns the same statistical
weight to residues 6-8. Reference to Figure 1 brings this
assignment into question because flexibility is present at
amino acid residue 3 but not at amino acid residue 6. A
similar problem arises at the other end of the meander.
With a factor denoted a to correct for the flexibility of each
of the amino acid residues at the ends of the 8 meander,
the statistical weight becomes (7t%)'(ab)2. For present
purposes this statistical weight will be condensed to A'B,
where A = 73 and B = (ab)2

This scheme attributes identical statistical weights to
the two 8 meanders depicted in Figures 1 and 3. No
difference in weighting is allowed due to the types of hy-
drogen bonds formed by the first and last amino acid
residues in the 3 meander. While such refinements might
eventually become of interest, they will not be employed
here.

The value of ¢ is expected to be dependent on solvent
and temperature, just as is its analogue, s, in the tredtment
of the transition from random coil to « helix.® The loss
in configurational entropy upon immobilization of an am-
ino acid residue should cause 7 and b to be less than 1. One
further expects b < 7 because the ¢,¥ adopted by amino
acid residues in the pleated sheet formed by poly(L-ala-
nine) in the solid state!® fall in a region of lower confor-
mational energy than do the ¢,y required for formation
of a sharp bend.!3%2! The parameter a is expected to have
a value near 1/r. Thus B is expected to be less than 1, and
solvent- or temperature-induced conformational transitions
result from changes in A. ‘

A formulation for the configuration partition function,
Z, which incorporates the above weighting scheme and is
also in a form amenable to use in computation of the mean
square unperturbed dimensions, is

Z =row (1, 0)U"1 col (1, 0) (7)
- -
1 AB 0 0 AB 0 0
0 0 1 0 0 0 0
1 0 0 1 0 0 0
U=} 0 0 0 0 A 0 0 (8)
0 0 0 0 0 1 0
1 0 0 0 0 0 1
LO A 0 0 0 0 0 i

There are n virtual bonds (n + 1 amino acid residues) in
the homopolypeptide. A rectangular null matrix is denoted
by 0. Its dimensions are determined by the requirement
that matrices be conformable for multipication.
Computation of the unperturbed mean square end-to-
end distance, (r?),, and mean square radius of gyration,
(s2),, would require supermatrices in which each element
in U is expanded through multiplication by a matrix of
dimensions 5 X 5 (for (r?)y) or 7 X 7 (for {s2)().!* These

matrices are
1 ATT P2
0 T 1 (9)
0 1

<

i 1 afr p p
0o 1 aTr p p
0O o T 1 1 (10)
0 0 o0 1 1
0 0 o 0 1
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Table I

Triplets Used in Z,

statistical

Qi transformation matrices virtual bond lengths, pm weight may be followed by
Q. T a1a‘TrAla T Al 380, 380, 380 1 Q.,,9. Q;
! T oo E T, 350, 473, 473 AB Q.. Qx
Q. (T N E:Ts 380,473,473 AB Q., Q;;
Q. TE,T; 1007, 473, 473 A Q.. Q;,
Q. TE.T, 1007, 473, 473 A Q.. Q..
Q. T5E3<T7e‘CO 1007, 473, 473 A Q. Q129 Qn
Q. TE,Tenu 1007, 473,473 A Q.,Q..9,;

In these matrices, 1 = col (/, 0), 1T is the transpose, and /
denotes the length of a virtual bond. The lengths, in pm,
corresponding to each nonzero element in the statistical
weight matrix are

380 380 0 0 380 0 0|
0 0 473 0 o 0 0

473 0 0 473 0o 0 0
0 0 0 0 1007 O 0 (11)
0 0 0 0 0 473 0

473 0 0 0 0 0 473

| 01007 0 0 0o 0 0]

Taa  Ty,co
0 0
‘Te,co
0
0
(Tre,nm
0

(12)

w

O -H O O O O O

H o oo o

- -

Grouping in Triplets. The above formulation permits
8 meanders containing as few as three amino acid residues.
Since each strand should contain at least two residues, the
smallest 3 meander should have six residues. The gen-
erator matrices, of dimensions 35 X 35 (for (r?),) and 49
X 49 (for (s?),), are also quite large in the above formu-
lation. These two problems can be alleviated in an al-
ternative formulation that considers the amino acid resi-
dues in groups of three. The new formulation introduces
a new approximation in that it retains in the configuration
partition function only those configurations in which 38
meanders begin at residues 2, 5, ..., n — 4. The effect of
this approximation will be brought out below.

Define a generator matrix Q as

Q. ABQ,. ABQ,,
Q=] AQ, 0 AQy; (13)
AQ,, AQ, 0

Its dimensions are 15 X 15 (for computation of (r?),) or
21 X 21 (for computation of (s?),). Each Q;; is formulated
as the product of three matrices of the type specified in
(9) or (10). Virtual bond lengths and transformation
matrices, in sequential order, are specified in Table I.
Thus Q;; represents the contribution of three successive
residues in the random coil state. The remaining Q,;
represent the contribution by groups of three residues in
the 8 meander. This group is at the beginning of the 3
meander in Q;; and Q;, at the end in Q,, and Q4;, and
at an internal position in Q,; and Q3. The latter two must

be differentiated from one another so that the hydrogen-
bonding pattern of the last residue in the 8 meander is
consistent with the size of the sheet and the hydrogen-
bonding pattern adopted by the first amino acid residue.

The configuration partition function suggested by the
formulation in eq 13 is

1 AB AB|""”
Z,=row (1,0)} A 0 A
A A 0

col (1, 0) (14)

which in turn suggests

(rte = Zy row (1, 0)Q™3 ¢col (0, 0, 0, 0, 1, 0) (15)

(32>0 =
Z Y n + 1) 2 row (1, 0)Q™3 col (0,0,0,0,0,0,1,0)
(16)

where the Q’s in eq 15 and 16 are the 15 X 15 and 21 X
21 versions, respectively. Considerable numerical labor
is saved for two reasons: First, the matrices are of much
smaller dimensions than those required in absence of
grouping of the residues in triplets. Second, the exponents
for the matrices are n/3 rather than n.

An added bonus arising from the grouping of residues
in triplets is that the smallest allowed 8 meander now
contains six residues. It arises from Q;,Q3; or Q13Qs;. In
contrast, the formulation that does not utilize grouping
allowed a 8 meander containing as few as three residues.
For this reason the formulation expressed in eq 14-16 may
be more realistic than that based on the larger matrices.
On the other hand, the more compact formulation has
introduced new restrictive features. It is applicable only
to chains in which n is divisible by three, and a 8 meander
can only begin at residues 2, 5, ..., n — 4. The consequences
of these new restrictions will be brought out in illustrative
calculations described below.

It is worthwhile noting that the expression for Z; in eq
14 utilizes a statistical weight matrix that is equivalent to
that frequently used for a bond in a chain with a symmetric
threefold rotation potential.l!

T o g
All ay ow 17)
1 ow gy

The matrices are identical if r = 1/4, ¢ =B,y =0, and
w = 1/B. By taking advantage of the symmetry of the
matrix,!! we obtain

1 2AB |*7?
Z,=row (1, 0) col (1, 0) (18)
A A
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which is numerically identical with the result specified by
eq 14. The eigenvalues for the 2 X 2 matrix in eq 18 are

My A= Yo+ A/2 £ [(1- A)® + 84°B]V2/2 (19)

and, for infinitely long chains, the probability that a res-
idue will be part of a 8 meander is
pg=9ln)\/dlnA=

(A1 + 1= = 1 /[N = A)] (20)

The average number of residues in these 8 meanders is

=30@In\/0lnA4)/@In ) /d1nB) =
300 +1-2)/(1-2p) (21)

Matrix expressions for ps and », which are valid at any
11
n, are

pg=3(n+ 1)'Z; " x
1 2AB 0 2AB |
A A A A
row (1, 0) col (0, 1, 0) (22)
0 1 2AB
0 0 A A
v=(1+n)ps/x (23)
x=Z, 'x
1 2AB 0 2AB /3
A A 0 0
row (1, 0) col (0,1, 0) (24)
0 0 1 2AB
0 0 A A

The condensation effected in eq 18 becomes inaccessible
if a more detailed set of statistical weights were employed.
The last two elements in the top row of the statistical
weight matrix in eq 14 become nonidentical if the statis-
tical weight of a sheet depends upon whether the first
amino acid residue uses N-H or C-0 in hydrogen bond
formation. Similarly, the last two elements in the first
column become nonidentical if that statistical weight de-
pends upon whiether the last amino acid residue uses N-H
or C-0 in hydrogen bond formation. Either refinement
would be incompatible with the condensation effected in
going from eq 14 to eq 18.

Strategy employed ih formulation of Z is similar in some
respects to the treatment. of helical hairpins by Poland and
Scheraga.Z Statistical weights, which they denote by s and
o' for a helical hairpin of two strands, have their coun-
terparts in A and B, respectively, in regular 3 meanders.
The present treatment differs in that the 8 meander can
begin in two different ways (Figures 1 and 3) and geometric
coglsiderations are incorporated to enable computation of
{s%)0.

Conformational Transitions Specified by Z and Z,

Behavior of systems described by the configuration
partition functions defined in eq 7 and 14 is illustrated by
transitions produced through changes in A at constant B
and n. Results obtained with chains comprised of 193 and
1537 amino acid residues are depicted in Figure 4.

Consideration is given first to the transition in the longer
chain when B has the small value of 10, Both configu-
ration partition functions yield a highly cooperative tran-
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Figure 4. Fraction of the residues in the 8 meander for chains
of 193 residues (A) or 1537 residues (B). Solid lines depict results
obtained with Z,, while dashed lines denote thase obtained with
Z. Filled circles in (B) denote the asymptotic hmxt at infinite
n, as evaluated via eq 20.

sition centered near A = 1 (Figure 4B). The transition
obtained with Z; has a higher cooperativity than that ob-
tained with Z. The formulation of Z permits 8 meanders
that originate at amino acid residues 1, 2, ..., n — 1, but Z;
only allows the origin of a 8 meander at amino acid resi-
dues 2, 5, ..., n — 4. Since Z; offers fewer possibilities for
the coexistence of random coil and 8 meander within a
given configuration, it is expected that it will produce a
more highly cooperative transition than does Z. Differ-
ences between transitions specified by Z and Z; are
somewhat larger than those typically seen in applications
of coarse graining® to the helix~coil transition.?#?> Pre-
sumably, this difference arises because chh, cch, hee, and
hhc are allowed triplet blocks in applications to the he-
lix—coil transition. Mixed triplets are not permitted in the
present treatment of regular 3 meanders because the ge-
ometry is handled in a manner that assumes the number
of residues in each ordered region is divisible by 3.

The fact that Z permits the occurrence of a 8 meander
with as few as three amino acid residues, while for Z; a 8
meander must contain at least six amino acid residues, is
of little consequence when B = 10™*. The average number
of residues in a 8 meander is 49 from Z and 57 from Z, for
a chain of 1537 amino acid residues, A = 0.95, B = 104,
The 8 meanders become larger as A increases. Conse-
quently, both configuration partition functions show that
the 8 meanders that play the important role in the tran-
sition contain many more than 3-6 amino acid residues.

If B is retained at 107 but the chain is shortened to 193
amino acid residues, transitions specified by both config-
uration partition functions become somewhat less coop-
erative and are shifted to higher A (Figure 4A). The more
highly cooperative transition specified by Z; experiences
the larger shift, as expected. Large 8 meanders still dom-
inate the transition. For example, at A = 1, the average
number of amino acid residues in a 8 meander is 57 (from
Z) or 65 (from Z;).
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Figure 5. Unperturbed dimensions as a function of p for a chain
containing 193 amino acid residues.

Figure 4 also depicts transitions obtained when B is
assigned the larger value of 1072 As a result of the reduced
cooperativity, there is little change in the transition upon
lengthening the chain from 193 to 1537 amino acid resi-
dues. At both chain lengths the more highly cooperative
transition is obtained with Z;. Small 8 meanders now play
a significant role in the transition. For example, when A
is 0.8, the average number of amino acid residues in a 8
meander is 6.6-6.7 (from Z) or 10.1~10.3 (from Z;). Con-
sequently, the fact that Z permits occurrence of a 8
meander containing only three residues, while Z; demands
that the smallest 8 meander contain six residues, now
contributes to the differences in the transitions.

Filled circles in Figure 4B denote p; calculated for the
infinite chain via eq 20. These circles are essentially
coincident with the curve calculated from eq 22 when B
= 1072, If B is as small as 107, limiting behavior is not
obtained until the chain contains more than 1537 amino
acid residues.

Changes in Unperturbed Dimensions

Figure 5 depicts dependence of the characteristic ratio
on pg for a chain of 193 amino acid residues. The char-
acteristic ratio, C, is defined as (s?),/nl,% where [, = 380
pm and (s?), is obtained via eq 16. At this degree of
polymerization, nearly identical (s?), are obtained for the
random coil and for the chain folded into a single §
meander. At vanishingly small B, these configurations
would completely dominate the configuration partition
function at any A, and the unperturbed dimensions would
therefore be independent of ps. The results depicted in
Figure 5 show that a close approximation to this situation
is obtained when B is as large as 107

Smaller 3 meanders are more compact than a random
coil segment containing the same number of amino acid
residues. Small 3 meanders play an increasingly important
role in the conformational transition as B increases.
Consequently, 8C/dpg, evaluated at pg = 0, becomes more
strongly negative as B increases from 107 to 1071, The
characteristic ratio goes through a minimum, which be-
comes deeper and displaced to higher p; as B increases.

Unperturbed dimensions depicted in Figure 5 depend
strongly on B at large ps. The origin of this dependence
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Figure 6. Unperturbed dimensions as a function of py, for a chain
containing 193 amino acid residues.

is revealed by examination of the definition of ps. It is the
fraction of the amino acid residues that participate in the
hydrogen-bonding pattern of the 3 meander. Inspection
of Figures 1 and 3 shows that, according to this definition,
flexibility exists about ¢ and ¢ at the first and last amino
acid residues in each 8 meander. For vanishingly small
B, the dominant chain configuration at the upper extreme
for p; is that single configuration in which amino acid
residues 2 through n + 1 are part of the same 3 meander.
With the exception of the residues 1, 2, and n + 1, this
configuration is rigid. As B becomes larger, the dominant
configurations at large pg are those in which the chain
contains several different 3 meanders without any inter-
vening segments of random coil. Two residues with flex-
ibility about ¢,¢ occur at each junction between different
meanders. The number of such junctions increases as B
increases from 107 to 107}, causing the behavior seen in
Figure 5 at large p;.

Characteristic ratios depicted in Figure 5 are presented
in an alternative fashion in Figure 6. Here they are shown
as a function of p,,, defined as the fraction of the amino
acid residues that have lost rotational freedom at ¢ and
V as a consequence of 3-meander formation. Thus each
3 meander contributes two fewer amino acid residues to
Dsy than it does to pg.

Poy = (1 -2/v)ps (25)

The upper limit for p,, is lower than the upper limit for
Dg with the displacement increasing as B increases from
107 to 10, At B = 107! and large A, the average 8
meander in a chain of 193 amino acid residues has about
21 residues involved in the hydrogen-bonding pattern.
Only 19 of these 21 residues have severe restriction im-
posed on ¢ and . Thus p,, terminates near 19/21.
The ratio {(r?)o/(s?), is depicted as a function of p;, for
chains composed of 193 amino acid residues in Figure 7.
The completely disordered chain has a ratio slightly larger
than 6 because the characteristic ratio determined by (s?),
converges more slowly to its asymptotic limit than does
the characteristic ratio determined by (r%),.%!° The lim-
iting value for (r?),/(s?), at large pg depends strongly on
the cooperativity of the transition. This limit is close to
12 if the transition is highly cooperative. Under such
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Figure 7. Ratio (r?)y/(s?), as a function of pg for a chain con-
taining 193 amino acid residues.
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Figure 8. Unperturbed dimensions as a function of p; for a chain
containing 97 amino acid residues.

circumstances residues 2 through n + 1 are part of the
same 3 meander. However, if B is 107}, (r?)y/(s?), remaing
smaller than 7.6 even at large ps. The average chain
contains nine 8 meanders at the largest p; when B is 107,
Flexibility of the residues at the junctions causes the
overall configuration to depart substantially from that of
a rigid rod.

Figure 8 depicts the behavior of C for chains significantly
shorter than those used in Figure 5. Unperturbed di-
mensions experience a nearly monotonic decrease as pg
increases. This decrease becomes more severe as B in-
creases. However, the effect of B is less dramatic than was
the case with the longer chain dealt with in Figure 5.

The behavior of much longer chains is depicted in Figure
9. The limiting characteristic ratios at high pg, as well
as the behavior at intermediate pg, are now strongly de-
pendent on B. If B is 1071, the characteristic ratio passes
through a minimum near p; = 0.9. This minimum is quite
deep, with the change in C being greater than a factor of
2. When B is 1074, on the other hand, the minimum is
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Figure 9. Unperturbed dimensions as a function of pg for a chain
containing 1537 amino acid residues.

extremely shallow and is displaced to small ps. The
dominant feature in the transition is now a sharp increase
in C as pg rises above 0.02. The sharp increase arises
because extremely long 8 meanders dominate the config-
uraticin partition function when A and n are large and B
is 1074,

Taken together, the behavior depicted in Figures 5, 8,
and 9 leads to the following conclusions: For short chains,
the unperturbed dimensions must decrease upon 8-
meander formation. Contraction of the chain is deter-
mined primarily by py; it is rather insensitive to plausible
variation in B. For long chains, on the other hand, B exerts
an increasingly important influence on the unperturbed
dimensions as p; increases. In any system likely to be of
experimental interest, dC/dps should be negative at small
ps. For any degree of polymerization likely to be of in-
terest, the lowest unperturbed dimensions are obtained at
large p; and B.

Application to Lysozymes

Chicken!® and T4!" lysozyme contain a single 3 meander
in the crystalline state. This section concerns homopoly-
peptides containing the same number of residues as each
of the lysozymes. Statistical weights are adjusted so that
the homopolypeptide has the same fraction of its residues
in a 8 meander, with the average size of the 3 meander
closely matching that found in the crystalline lysozyme.
Since the remainder of the chain is unordered, the ob-
jective is not a modeling of globular lysozyme. Instead we
wish to provide a qualitative estimate for B when the
pleated sheet is to be of a size found in a globular protein.

Chicken lysozyme contains 129 amino acid residues, with
residues 42-46, 50-54, and 5860 involved in the sheet.16
Residues 47-49 and 55-57 occur in the bends connecting
strands of the 8 meander. If the residues in the bends are
ignored, the sheet contains 13 residues and p; is 0.101.
Alternatively, if the residues in the bends are considered
to be part of the 8 meander, it then contains 19 residues
and pg is 0.147. These values are shown in parentheses
in the first two lines of Table II. The lysozyme from T4
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Table 11
Homopolypeptide Analogues of Lysozymes
con-
residues A B Pt ve traction®

129 0.72 0.01 0.110(0.101) 12.3 (13) 9.4
129 0.88 0.003 0.150(0.147) 20.2(19) 10.7
164 0.65 0.01 0.072(0.073) 10.9 (12) 6.3
164 0.83 0.003 0.102(0.104) 17.7 (17) 7.5

¢ See text for the origin of numbers in parentheses.
Percent contraction of (s%), from the value for the
completely disordered chain,

contains 164 residues, and residues 18-20, 23-27, and 31-34
are in the sheet.l” Bends are formed by residues 21-22 and
28-30. If the bends are neglected, the sheet contains 12
residues, yielding ps = 0.073. Inclusion of the bends in the
8 meander increases » to 17 and p; to 0.104. These results
for T4 are presented in parentheses in the last two lines
of Table IL

Calculations using eq 22 and 24 yield average 8 mean-
ders similar to those found in the lysozymes if B is in the
range 0.003-0.01. The lower value for B is required to
produce the larger 3 meanders that result from a definition
which considers those residues in the bends to be part of
the sheet. Recalling that B represents a compact notation
for (ab)?, this result implies that the effective ab is on the
order of 0.1.

Mean square unperturbed radii of gyration were calcu-
lated via eq 16 for each combination of n, A, and B. In
each case they were smaller than the dimensions calculated
for the completely disordered chain containing the same
number of amino acid residues. The percent reduction in
C produced by formation of the 8 meander is shown in the
last column of Table II. It is found to be in the range
6-11%. While formation of the 83 meander produces a
contraction, it is only a small portion of the change ac-
complished in going from the random coil to the globular
state. For example, the squared radius of gyration defined
by the shape of chicken lysozyme in the crystalline state?
is 93% smaller than the mean square radius of gyration
of an unperturbed poly(L-alanine) random coil containing
the same number of residues. Most of the reduction in
dimensions in globular chicken lysozyme results from the
conformations adopted by residues that are not involved
in the 3 meander.

Qualitatively different conclusions might be forthcoming
for certain other proteins. If the effective B is taken to
be on the order of 0.01, extensive 3-meander formation can
lead to appreciable reduction in the unperturbed dimen-
sion of homopolypeptides containing the same numbers
of residues as typical proteins (Figures 5, 8, and 9). For
a B of this magnitude, a greater reduction would be pos-
sible with a chain of 10? residues than for a chain of 10°
residues.
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Refinements required to produce a more general treat-
ment of sheet formation might also produce a greater
contraction. Possible refinements include allowance of
sheets in which the number of strands is different from
three, letting some of the bends become loops, relaxation
of the requirements that all strands be antiparallel and of
the same length, providing for a twist to the sheet, and
allowance of irregularities such as the 3 bulge.” Additional
contraction would also result from formation of short
helices.1218
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